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a b s t r a c t

An enhanced Multi-dimensional Limiting Process (e-MLP) is developed for the accurate and
efficient computation of multi-dimensional flows based on the Multi-dimensional Limiting
Process (MLP). The new limiting process includes a distinguishing step and an enhanced
multi-dimensional limiting process. First, the distinguishing step, which is independent
of high order interpolation and flux evaluation, is newly introduced. It performs a multi-
dimensional search of a discontinuity. The entire computational domain is then divided
into continuous, linear discontinuous and nonlinear discontinuous regions. Second, limit-
ing functions are appropriately switched according to the type of each region; in a contin-
uous region, there are no limiting processes and only higher order accurate interpolation is
performed. In linear discontinuous and nonlinear discontinuous regions, TVD criterion and
MLP limiter are respectively used to remove oscillation. Hence, e-MLP has a number of
advantages, as it incorporates useful features of MLP limiter such as multi-dimensional
monotonicity and straightforward extensionality to higher order interpolation. It is appli-
cable to local extrema and prevents excessive damping in a linear discontinuous region
through application of appropriate limiting criteria. It is efficient because a limiting func-
tion is applied only to a discontinuous region. In addition, it is robust against shock insta-
bility due to the strict distinction of the computational domain and the use of regional
information in a flux scheme as well as a high order interpolation scheme. This new lim-
iting process was applied to numerous test cases including one-dimensional shock/sine
wave interaction problem, oblique stationary contact discontinuity, isentropic vortex flow,
high speed flow in a blunt body, planar shock/density bubble interaction, shock wave/vor-
tex interaction and, particularly, magnetohydrodynamic (MHD) cloud-shock interaction
problems. Through these tests, it was verified that e-MLP substantially enhances the accu-
racy and efficiency with both continuous and discontinuous multi-dimensional flows.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Recently, there has been strong demand in several research areas for accurate supersonic/hypersonic computations that
account for various types of discontinuity. These demands oblige the formulation of accurate and robust computations with
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very large grids and small size of time steps. However, the current level of technology does not meet the requirements of the
Computational Fluid Dynamics (CFD) field yet; in a complex problem with millions of grid points, a considerable amount of
computational time is needed and, thus far, stability problems continue to arise due to discontinuities. Therefore, for a sig-
nificant enhancement of the applicability of CFD, the spatial scheme is required to be accurate even when fewer grid points
are used and to be robust for highly nonlinear phenomena such as shock discontinuities.

In order to reduce the number of grid points and enhance the accuracy of CFD, higher order spatial interpolation schemes
have been a good remedy. However, high order computations that take into account shock waves always induce unnecessary
numerical oscillations near a discontinuity. Moreover, higher order schemes are not easy to extend to multi-dimensional
supersonic applications because there are many problems in terms of stability and convergence. Therefore, the development
of an effective multi-dimensional higher order scheme that removes numerical oscillations has become important so that
CFD computations can retain their stability and convergence properties.

In order to resolve these problems, many studies have been carried out for seeking to introduce schemes that remove
oscillation. The notable results are Total Variation Diminishing (TVD) [1–3], Essentially Non-Oscillatory (ENO) [4] and Total
Variation Bounded (TVB) [5]. The concept of TVD was proven to be extremely successful because it gives a highly feasible
result in the event of a discontinuity. However, the conventional TVD criterion is somewhat unsatisfactory near extrema
due to clipping phenomena. Other concepts that overcome this weak point are the ENO and TVB schemes, which basically
yield higher order spatial accuracy and an essentially non-oscillatory profile near a shock. However, because all of these were
developed based on mathematical analyses of the one-dimensional scalar convection equation, they inevitably result in
undershoot and/or overshoot when solving a multi-dimensional problem, even though they avoid unphysical clipping at ex-
trema. For a stable and monotonic calculation of a multi-dimensional discontinuity, it is important to develop an oscillation
removal process based on multi-dimensional flow phenomena.

Although there is no perfect means of extending schemes that remove oscillation to nonlinear multi-dimensional prob-
lems, Multi-dimensional Limiting Process (MLP) [6,7] may be feasible for oscillation removal in multi-dimensional flow
problems. MLP enforces a property distribution that lies within the maximum and minimum value of the neighboring cells
around cell-interface in the case of a steady problem. It shows a monotonic and stable calculation of the shock wave in multi-
dimensional problems. However, MLP damps out the flow and is unsuitable for local extrema in a continuous region, which
decreases the accuracy of the solutions. For these problems, a distinguishing criterion which determines whether a compu-
tational region is discontinuous or not is introduced in MLP and MLP limiter is then applied only to a discontinuous region
[8]. However, it is relatively diffusive in a linear discontinuous region. Besides, widely used flux schemes do not always per-
form well in a discontinuity even though they show good characteristics when applied to gas dynamics problems. For exam-
ple, in magnetohydrodynamic (MHD) problems, there have been many attempts to solve flows using Roe-type linearized
Riemann solvers or HLL-type approximated Riemann solvers with conventional limiting functions. However, these methods
are insufficient for oscillation removal, even in one-dimensional cases [9,10]. It is necessary to introduce appropriate numer-
ical dissipation in a problematic region.

For effective oscillation removal, a discontinuous region has to be thoroughly distinguished and the information about the
region needs to be considered in a flux scheme as well as a high order interpolation scheme. Therefore, an oscillation removal
process should have the following features:
1.1. Separation of discontinuity search routine from high order interpolation

Generally, a discontinuity search routine is included in a dimensionally split interpolation scheme. Thus, information per-
taining to the discontinuity is limited. This situation becomes an obstacle to the effective removal of the oscillation in a mul-
ti-dimensional flow or a complex flow such as a magnetohydrodynamic flow. To provide detailed information about a
discontinuity to high order interpolation and flux evaluation simultaneously, the discontinuity search routine needs to be
separated from an interpolation scheme. It also has to perform a thorough and multi-dimensional search of the discontin-
uous region.
1.2. Consideration of real flow physics in discontinuity search routine

In real flow physics, the flow phenomena include the combinations of various types of waves, such as expansion fan, con-
tact discontinuity and shock wave. In accordance with this categorization, flows are also divided into continuous, linear dis-
continuous and nonlinear discontinuous types. For better accuracy, oscillation removal schemes need to consider the
characteristics of each type. In addition, the excessive damping of the flow distribution must be suppressed, especially in
continuous and linear discontinuous regions.

The objective of the present paper is to provide a new approach that reflects the features mentioned above as much as
possible. Consequently, a new approach involving a multi-dimensional higher order scheme based on the Multi-dimensional
Limiting Process (MLP) is introduced. It is termed as the enhanced Multi-dimensional Limiting Process (e-MLP). In this ap-
proach, a distinguishing step that is independent of an interpolation scheme and a flux scheme is introduced and disconti-
nuities are sought in a comprehensive manner. Through this step, the computational domain is divided into continuous,
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linear discontinuous and nonlinear discontinuous regions. This regional information is given to not only a high order inter-
polation scheme but also a flux scheme. Appropriate limiting criteria are then applied to each region in a high order inter-
polation scheme. Also, additional numerical dissipation is added to nonlinear discontinuous regions in a flux scheme. These
increase the accuracy of the solution and make the computation robust against shock instability. Moreover, the computa-
tional cost is reduced because a limiting function is applied only to a discontinuous region.

The present paper is organized as follows. After a brief description of the governing equations in Section 2, the key ideas
and overall procedure of e-MLP are explained in detail in Section 3. The distinguishing process and the switch of the limiting
functions are described in Sections 4 and 5, respectively. In Section 6, various test cases are presented to verify the advan-
tages of the proposed method. Finally conclusions based on the numerical tests and analyses are drawn in Section 7.
2. Governing equations

In this paper, the objective is to develop a newly enhanced version of MLP (e-MLP) that is appropriate for multi-dimen-
sional flows including MHD problems. As general governing equations, Euler equations are presented in conservation form,
as shown in Eq. (1).
@q
@t
þr � ðqVÞ ¼ 0;

@qV
@t
þr � ðVqVÞ þ rp ¼ 0; ð1Þ

@qe
@t
þr � ðVqeþ VpÞ ¼ 0;
where V is the velocity vector (u,v) and the equation of state of calorically perfect gas is given by
p ¼ ðc� 1Þqe ¼ ðc� 1Þ qet �
1
2
qV2

� �
; with c ¼ 1:4 for air: ð2Þ
For the ideal MHD formulation, the governing equations are written as Eq. (3).
@q
@t
þr � ðqVÞ ¼ 0;

@qV
@t
þr � ðVqV � BBÞ þ rptot ¼ 0;

@e
@t
þr � ðVeþ Vptot � BB � VÞ ¼ 0;

@B
@t
þr � ðVB� BVÞ ¼ 0;

ð3Þ
where B is the magnetic field. Additionally, the sum of thermal and magnetic pressures is ptot = p + B2/2 and the equation of
state is presented as Eq. (4).
p ¼ ðc� 1Þqe ¼ ðc� 1Þ qet �
1
2
qV2 � 1

2
B2

� �
: ð4Þ
3. Key ideas of the enhanced Multi-dimensional Limiting Process

The key ideas of e-MLP can be summarized into three points. First, an independent distinguishing step, which is separated
from high order interpolation and flux schemes, is introduced to a solver. Then, the computational domain is divided into
continuous, linear discontinuous and nonlinear discontinuous regions. Second, based on the regional information, appropri-
ate limiting functions are associated with each region in high order interpolation; in a continuous region, there is no limiting
process. In a linear discontinuous region such as a region of contact discontinuity, the conventional TVD criterion is applied.
In a nonlinear discontinuous region, e.g., a shock region, MLP limiter is used. Third, the regional information is fed into a flux
scheme as well as a high order interpolation scheme. Based on this information, proper numerical dissipation is added to a
nonlinear discontinuous region.

Through these ideas, e-MLP can contribute to the improvement of the solver in terms of accuracy, robustness and effi-
ciency as follows. First, e-MLP can substantially enhance the solution accuracy due to the switching of the limiting criteria
according to the features of the flow field; in a continuous region, there are no clipping phenomena since no limiting function
is used. In a linear discontinuous region, excessive damping is removed by using the TVD criterion. And in a nonlinear
discontinuous region, effective oscillation removal can be offered by the MLP limiter. As a result, e-MLP can include a
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considerable amount of information pertaining to flow physics and can provide accurate solutions with the enhanced oscil-
lation removal ability, especially in the event of a complex shock structure.

Second, due to the multi-dimensional search routine for discontinuities and due to the addition of proper numerical dis-
sipation in a flux evaluation scheme, e-MLP is very robust against shock instability. In a conventional one-dimensional way
of discontinuity searching, the existence of shock wave is determined one-dimensionally, which may bring forth in the
numerical shock region if the shock is aligned with the grid system. Consequently, these slip phenomena may cause a density
perturbation that acts as a source of instability in the numerical shock region and leads to bad convergence in a steady prob-
lem. On the other hand, in e-MLP, the perturbation can be easily damped out by help of the independent multi-dimensional
search routine for discontinuities. The refined information from this routine is used when adding proper numerical dissipa-
tion to a nonlinear discontinuous region in a flux scheme. Especially, in complicated problems such as MHD flows, where the
TVD criterion are not sufficient for oscillation removal even in one-dimensional cases, e-MLP is highly advantageous in shock
instability.

Third, e-MLP increases the efficiency through a reduction of the necessary computational time. Generally, the majority of
a computational domain is a smooth region with the exception of some discontinuous regions, where limiting criteria are
necessary. In this situation, the application of a limiting function to the entire domain is a waste of computational resources.
Thus, e-MLP can reduce the computational cost via the application of limiting functions only to a discontinuous region.

The overall process of e-MLP to realize the above mentioned idea is shown in Fig. 1.

Step 1. Distinction of the computational domain: For accurate distinction between continuous, linear discontinuous and non-
linear discontinuous regions, each type of region is searched multi-dimensionally by using the fourth order of poly-
nomial interpolation and Gibbs phenomenon. The detail is explained in Section 4.

Step 2. Higher order interpolation: After the distinguishing step, an appropriate limiting function is applied to each type of
region. In a continuous region, a limiting function is unnecessary and simple high order accurate interpolation is per-
formed. In a linear discontinuous region, the conventional TVD criterion is applied for oscillation removal. Last, in a
nonlinear discontinuous region, MLP limiter is used. The detail is explained in Section 5.
Step 2.
   Higher Order Interpolation

Step 3.
   Flux Evaluation

Step 1.
   Distinguishing of a Computational Domain

Euler equation

End

   Step 4.
   Time Integration

Expansion Fan
(Continuity)

Contact Discontinuity
(Linear Discontinuity)

Shock Discontinuity
(Nonlinear Discontinuity)

No limiter 
(Continuity)

TVD limiter 
(Linear discontinuity)

MLP 
(Nonlinear discontinuity)

Roe s FDS, M-AUSMPW+, etc.

Fig. 1. Overall procedure of new limiting process.
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Step 3. Flux evaluation: For flux scheme, e-MLP easily cooperates with any numerical scheme such as Roe’s FDS [11], AUS-
MPW+/M-AUSMPW+ [12,13], etc. In the present paper, M-AUSMPW+ is mainly used as a flux scheme at cell-inter-
faces. In the case of a blunt body problem, Roe’s FDS is used.

Step 4. Time integration: In e-MLP, any type of time integration scheme can be applied among implicit or explicit methods.
In the present study, the third order of the Runge–Kutta scheme is used for time integration [14].

4. Distinguishing step

Differentiation between continuous and discontinuous regions has been one of the important issues in the CFD field for
stable and effective oscillation removal. Most previous limiters, such as TVD, TVB, ENO and others were developed for this
purpose based on rigorous one-dimensional scalar analyses and have been widely used for oscillation removal. Even though
they show good characteristics in one-dimensional discontinuity, they do not provide so perfect performances in multi-
dimensions as in one-dimension. Also, they cannot distinguish between linear and nonlinear discontinuities since they
are based on scalar analyses. Moreover, because discontinuity search algorithms that they include are generally coupled with
an interpolation scheme, it is not easy to present precise information about a discontinuity to a flux scheme. It is therefore
recommended that the search routine is separated from an interpolation scheme to distinguish linear/nonlinear discontinu-
ities multi-dimensionally.

4.1. Distinction between continuities and discontinuities

Mathematical distinction between continuity and discontinuity is definite and easy to understandable. However, it is
hard to clearly distinguish between them in a discretized numerical computation. When an actually continuous profile is
represented in a discretized domain, a numerical profile is not seen to be continuous any more if a mesh size is larger than
some threshold value. On the other hand, a numerical discontinuity looks to be a continuous wave if numerical dissipation is
so large that the discontinuity is smeared a lot. It is a fundamental problem in a discretized computation. Therefore, it is def-
initely necessary to introduce the new definition of numerical discontinuity which is affected by the mesh size. In the pres-
ent paper, Gibbs phenomenon at the edges of discontinuity is used to newly define numerical discontinuity. The fourth order
of central differencing scheme is selected as the sensing function to indicate whether or not the Gibbs phenomenon occurs
from the given distribution. An approximated value fapproxi is presented as Eq. (5).
fapproxi;i ¼
�fi�2 þ 4f i�1 þ 4f iþ1 � fiþ2

6
¼ fi þ OðDx4Þ: ð5Þ
In a continuous region, the difference at point i between an original value and an approximated value is derived as Eq. (6).
In a continuous region; di ¼
jfapproxi;i � fij
jf ji

ffi OðDx4Þ: ð6Þ
However, if the approximation is performed near a discontinuous region, Gibbs phenomena are easily observed around the
edges of numerical discontinuities; these cause an interpolated plot to differ from the original distribution as shown in Fig. 2.
Hence, the variation di is considerably larger than the order of O(Dx4), as in Eq. (7).
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Fig. 2. An example of Gibbs phenomenon.
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In a discontinuous region; di � OðDx4Þ: ð7Þ
Therefore, it is thought that Gibbs phenomena are good criteria for numerically differentiating a discontinuous region from a
continuous region. In the present paper, we introduce a threshold value, e, to identify Gibbs phenomena and then define
numerically continuous and discontinuous regions in the discretized domain. If di P e, it is considered that Gibbs phenom-
ena occur. Hence, the current region is determined as a numerically discontinuous region. Here, on a digital computer, a
function is expressed by sets of discrete values; moreover, there are some losses of information when representing the ori-
ginal function. The losses may cause the region at which point the function rapidly changes to appear as a discontinuous
region, not a continuous region any more, i.e., a rapidly varying region may share the Gibbs phenomena in the numerical
computations. Therefore, a rapidly varying region as well as an actual discontinuity should be treated as a numerically dis-
continuous region in computations.

4.2. Distinction between linear and nonlinear discontinuities

Generally, the conventional TVD criterion is not sufficient for oscillation removal of Euler equations in multi-dimensional
cases, while it is sufficient for one-dimensional case. Especially in MHD problems which contain many discontinuities and
their interactions, it is disappointing even in one-dimensional flow problems. For effective oscillation removal in a nonlinear
discontinuous region, a stricter limiting function is required. In contrast to a nonlinear discontinuous region, excessive
damping by a strict limiting function may reduce the accuracy of the solution in a linear discontinuous region. Therefore,
the types of discontinuities are necessary to be distinguished for appropriate switching of the limiting functions according
to the type.

Inequalities of Eq. (8) are used to identify a linear contact discontinuity or a slip line. In the present paper, the same lim-
iting function is used for both contact discontinuity and slip line because they share the condition that there is no pressure
jump across them.
dq;i ¼
jqapproxi;i � qij

jqij
> e or du;i ¼

juapproxi;i � uij
juij

> e; ð8Þ

and dp;i ¼
jpapproxi;i � pij

jpij
� OðDx4Þ:
where q, u, and p are non-dimensionalized density, velocity and pressure, respectively.
Inequalities of Eq. (9) serve to express a shock discontinuity.
dq;i ¼
jqapproxi;i � qij

jqij
> e or du;i ¼

juapproxi;i � uij
juij

> e; ð9Þ

and dp;i ¼
jpapproxi;i � pij

jpij
> e:
Only if dp P e, the region is recognized as a nonlinear discontinuous region in the present paper. Here, there is always the
possibility that juij is physically zero, different from jqij, jpij. In case that the magnitude of juij is almost zero, it is much
probable that the point i is determined as a discontinuous region even though the region is actually a continuous region.
In order to avoid this situation, the region is enforced to be a continuous region if juij is smaller than 10�6 in the present
study.

In MHD problems, the sum of the thermal and magnetic pressure should be equal across a linear contact discontinuity.
Hence, a nonlinear shock discontinuity for a MHD system can be checked by Eq. (10).
dq;i ¼
jqapproxi;i � qij

jqij
> e or du;i ¼

juapproxi;i � uij
juij

> e;

and dp;i ¼
jptot;approxi;i � ptot;ij

jptot;ij
> e; ð10Þ
where ptot = p + B2/2.
By adjusting the check criteria, e-MLP can be extended to various types of physical problems.
4.3. Summary of distinguishing step

The distinguishing step can be simply extended to multi-dimensions by calculating the difference values in each direc-
tion, averaging them, and comparing the average with e. For convenience, the summary of the distinguishing step are pre-
sented for two-dimensional cases.



Algorithm 1. Distinguishing step

Itagi,j = 0; Continuous region
Itagi,j = 1; Linear discontinuous region
Itagi,j = 2; Nonlinear discontinuous region
fi,j = (q,u,v,p)i,j

do j=1 to jmax
do i=1 to imax

ðdi;jÞi ¼
� 1

6 fi�2;j þ 2
3 fi�1;j þ 2

3 fiþ1;j � 1
6 fiþ2;j

fi;j
� 1

����
���� ð11aÞ

ðdi;jÞj ¼
� 1

6 fi;j�2 þ 2
3 fi;j�1 þ 2

3 fi;jþ1 � 1
6 fi;jþ2

fi;j
� 1

����
���� ð11bÞ

�di;j ¼ ðdi;jÞi þ ðdi;jÞj
� �

=2: ð11cÞ

enddo
enddo
do j = 1 to jmax
do i = 1 to imax

Itagi ¼ 0

enddo
enddo
do j = 1 to jmax
do i = 1 to imax

if j�dq;i;jj > e, then Itagi = 1
if jui,jjP jvi,jj

if j�du;i;jj > e and jui,jj > 10�6 then Itagi = 1
else jui,jj < jvi,jj

if j�dv ;i;jj > e and jvi,jj > 10�6 then Itagi = 1
endif
if j�dp;i;jj > e, then Itagi = 2

enddo
enddo
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5. Enhanced limiting process

In CFD, since the late 1970s, many researchers have tried to handle discontinuities without spurious oscillations. Impor-
tant concepts for oscillation removal schemes include TVD, TVB, ENO and MLP. Each method has its own advantages and
disadvantages, as shown in Table 1.

As shown in Table 1, there is no scheme that can deal with all three cases. In order to resolve this situation, the enhanced
limiting process based on MLP in conjunction with the distinguishing step is proposed. In the enhanced limiting process, lim-
iting functions are switched so that they are appropriate for each type of region, as Table 2.

The details are written in the following sections with the notation and theories of earlier studies [6,7] and [13].
Table 1
Comparison of advantage and disadvantage of various limiting functions.

TVD TVB, ENO MLP

Discontinuity in one-dimension O O O
Discontinuity in multi-dimensions X X O
Local extrema X O X



Table 2
Limiting function according to the types of regions.

Types of region Continuous region Numerical linear discontinuous region Numerical nonlinear discontinuous region

Limiting function No limiting function TVD MLP
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5.1. Continuous region

A continuous region can be divided into local extrema and a monotonically increasing or decreasing region. In monoton-
ically increasing or decreasing regions that are sufficiently continuous, the higher order interpolated value is not restricted
by MLP limiter, i.e., it is independent of the usage of MLP limiter and the higher order accuracy is able to be obtained [6]. On
the other hand, in local extrema, any limiting function should not be used to preserve the accuracy of solution. The appli-
cation of TVD criterion or MLP limiter definitely results in clipping phenomena near local extrema. Therefore, no limiting
function is recommended to be applied to a continuous region in e-MLP.

5.2. Numerical linear discontinuous region

Through the distinguishing process, a contact discontinuity belongs to a linear discontinuous region. In this region, the
application of MLP limiter may make the discontinuity diffusive, which decreases the accuracy of the solution. Thus, the con-
ventional TVD criterion is used for oscillation removal.

Let us assume that there are no velocity jumps across the linear discontinuity. Then, the continuity equation is simply
written as Eq. (12).
@q
@t
þ @qu

@x
þ @qv

@y
¼ 0! @q

@t
þ u

@q
@x
þ v @q

@y
¼ 0: ð12Þ
Here, if a contact discontinuity is not aligned with the grid system, it may smear by numerical dissipation. Then, the smeared
contact discontinuous profile can be assumed as a linear planar wave. Hence, Eq. (13) can be obtained.
@q
@x

�
@q
@y
¼ const: ð13Þ
By combining Eqs. (12) and (13), Eq. (14) can be derived.
@q
@t
þ ðuþ v � constÞ @q

@x
¼ 0: ð14Þ
The two-dimensional linear convection equation changes to the equivalent one-dimensional equation. The conventional TVD
limiting function can provide monotonic distributions in a two-dimensional planar contact wave. Consequently, it is chosen
as the oscillation removal function for a linear discontinuous region in e-MLP.

5.3. Nonlinear discontinuity

In previous research pertaining to MLP [6,7], it was reported that MLP is an appropriate oscillation removal scheme for
multi-dimensional shock waves. Thus, MLP limiter is used in a nonlinear discontinuous region. A brief summary MLP is as
follows.
UL ¼ Ui þ 0:5 max 0;min aLDUiþ1
2
;aLDUi�1

2
; bLDUi�1

2

� �� �
; ð15aÞ

UR ¼ Uiþ1 � 0:5 max 0;min aRDUiþ1
2
;aRDUiþ3

2
; bRDUiþ3

2

� �� �
: ð15bÞ
where DUi�1
2;j
¼ Ui;j �Ui�1;j;DUiþ1

2;j
¼ Uiþ1;j �Ui;j;DUiþ3

2;j
¼ Uiþ2;j �Uiþ1;j and U means a cell averaged value.

Here, the coefficients bL,R enable high order accurate computations, which are given in Section 5.4. The values aL,R are
determined as Eqs. (16) and (17).

Along n-direction
aL ¼ g
2 max 1; jrn;Ljð Þ � UML �Ui;j

� 	

DUiþ1

2;j

��� ���
1þmaxð0; tan hn;i;jÞ

2
4

3
5; ð16aÞ

aR ¼ g
2 max 1; jrn;Rjð Þ � Uiþ1;j �UMR

� 	

DUiþ1

2;j

��� ���
1þmaxð0; tan hn;iþ1;jÞ

2
4

3
5; ð16bÞ
where gðxÞ ¼maxð1;minð2; xÞÞ; rn;L ¼ DUiþ1
2;j

.
DUi�1

2;j
and rn;R ¼ DUiþ1

2;j

.
DUiþ3

2;j
.
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Along g-direction
aL ¼ g
2 max 1; jrg;Lj

� 	
� UML �Ui;j
� 	


DUi;jþ1
2

��� ���
1þmaxð0; tan hg;i;jÞ

2
4

3
5; ð17aÞ

aR ¼ g
2 max 1; jrg;Rj

� 	
� Uiþ1;j �UMR
� 	


DUi;jþ1
2

��� ���
1þmaxð0; tan hg;i;jþ1Þ

2
4

3
5; ð17bÞ
where rg;L ¼ DUi;jþ1
2

.
DUi;j�1

2
and rg;R ¼ DUi;jþ1

2

.
DUi;jþ3

2
.

aL or R varies between 1 and 2, which controls the amount of numerical dissipation according to the maximum gradient
angle of U with a cell-interface, hi,j. The angle, hn,i,j and hg,i,j mean the angle with a cell-interface iþ 1

2 ; j
� 	

in n-direction and a
cell-interface i; jþ 1

2

� 	
in g-direction defined as Eq. (18), respectively.
tan hn;i;j ¼
jUi;jþ1 �Ui;j�1j
jUiþ1;j �Ui�1;jj

along n� direction; ð18aÞ

tan hg;i;j ¼
jUiþ1;j �Ui�1;jj
jUi;jþ1 �Ui;j�1j

along g� direction: ð18bÞ
The zero of hi,j means that the distribution of U is perfectly aligned with a grid system. Then, a has the value of 2 and MLP
limiter becomes the same as TVD criterion. On the other hand, if hi,j is 45�, a approaches 1 and numerical dissipation in-
creases [6]. The values of UML and UMR in Eqs. (16) and (17) mean the maximum and minimum values within the region,
i < m < i + 1 and j � 1 < n < j + 1, at the cell-interface iþ 1

2 ; j
� 	

in n-direction or the region, i � 1 < m < i + 1 and j < n < j + 1, at
the cell-interface i; jþ 1

2

� 	
in g-direction defined as Eq. (19). The interpolated values UL and UR at the cell-interface must

be between them.
Along n-direction
UML ¼maxðUm;nÞ; UMR ¼ minðUm;nÞ where DUiþ1
2;j
> 0; i < m < iþ 1 and j� 1 < n < jþ 1: ð19aÞ

UML ¼minðUm;nÞ; UMR ¼maxðUm;nÞ where DUiþ1
2;j
6 0; i < m < iþ 1 and j� 1 < n < jþ 1: ð19bÞ
Along g-direction
UML ¼maxðUm;nÞ; UMR ¼ minðUm;nÞ where DUi;jþ1
2
> 0; i� 1 < m < iþ 1 and j < n < jþ 1: ð19cÞ

UML ¼minðUm;nÞ; UMR ¼maxðUm;nÞ where DUi;jþ1
2
6 0; i� 1 < m < iþ 1 and j < n < jþ 1: ð19dÞ
In implementing e-MLP into a code, very small value (10�16) is added to a denominator.

5.4. Summary of the enhanced Multi-dimensional Limiting Process

In summary, the enhanced Multi-dimensional Limiting Process (e-MLP) with high order accuracy is as follows according
to different regions.

(1) Continuous region: No limiting function
UL ¼ Ui þ 0:5bLDUi�1
2
; ð20aÞ

UR ¼ Uiþ1 � 0:5bRDUiþ3
2
: ð20bÞ
(2) Linear discontinuous region: TVD criterion, /(r) = max (0,min (2,2r))
UL ¼ Ui þ 0:5 max 0;min 2DUiþ1
2
;2DUi�1

2
;bLDUi�1

2

� �� �
; ð21aÞ

UR ¼ Uiþ1 � 0:5 max 0;min 2DUiþ1
2
;2DUiþ3

2
; bRDUiþ3

2

� �� �
: ð21bÞ
(3) Nonlinear discontinuous region: MLP limiter, /(r) = max (0,min (a,ar))
UL ¼ Ui þ 0:5 max 0;min aLDUiþ1
2
;aLDUi�1

2
;bLDUi�1

2

� �� �
; ð22aÞ

UR ¼ Uiþ1 � 0:5 max 0;min aRDUiþ1
2
;aRDUiþ3

2
; bRDUiþ3

2

� �� �
: ð22bÞ
The definitions of bL,R for the third order accurate and the fifth order accurate computations are presented in Eqs. (23) and
(24), respectively.

e-MLP with third order accuracy (e-MLP3):
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bLDUi�1
2;j
¼ �1

3
Ui�1;j �

1
3

Ui;j þ
2
3

Uiþ1;j; ð23aÞ

bRDUiþ3
2;j
¼ 1

3
Uiþ2;j þ

1
3

Uiþ1;j �
2
3

Ui;j: ð23bÞ
e-MLP with fifth order accuracy (e-MLP5):
bLDUi�1
2;j
¼ 2

30
Ui�2;j �

13
30

Ui�1;j �
13
30

Ui;j þ
27
30

Uiþ1;j �
3

30
Uiþ2;j; ð24aÞ

bRDUiþ3
2;j
¼ � 2

30
Uiþ3;j þ

13
30

Uiþ2;j þ
13
30

Uiþ1;j �
27
30

Ui;j þ
3

30
Ui�1;j: ð24bÞ
Based on the appropriate application of the limiting functions, the oscillation behavior can be effectively removed. Moreover,
better efficiency can be obtained because TVD criterion and MLP limiter are applied only to discontinuous regions.
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6. Numerical results

In order to investigate the actual features of e-MLP, it was applied to several test cases and its results were compared with
those of MLP. The cases included one-dimensional shock/sine wave interaction problem, oblique stationary contact discon-
tinuity, isentropic vortex flow, high speed flow in a blunt body, planar shock/density bubble interaction, normal shock wave/
vortex interaction, and magnetohydrodynamic cloud-shock interaction problems. As e-MLP is independent of a flux scheme,
essentially any numerical flux function can be adopted. In the present paper, Roe’s FDS scheme and AUSMPW+/M-AUSMPW+
scheme were combined with MLP and e-MLP with the fifth order accuracy. In addition, the third order of the Runge–Kutta
method was used as a time integration method. Here, an adequate range of the threshold value was 0.001 6 e 6 0.01 based
on the vast amount of numerical tests that were run here; if e > 0.01, a detrimental influence may ensue on the stability of
the computations. Generally recommended e values are 0.001 for steady problems or problems with fine grid points and 0.01
for other cases.

6.1. One-dimensional shock/sine wave interaction problem

In order to assess how well the distinguishing process of e-MLP divides the whole computational region into continuous,
linear discontinuous and nonlinear discontinuous regions, e-MLP5 and MLP5 with M-AUSMPW+ were applied to one-dimen-
sional shock/sine wave interaction problem. The initial conditions for shock-sine wave interaction problem are given as Eq.
(25) [15].
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Fig. 5. Density contour of oblique stationary contact discontinuity (45�).
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Fig. 6. Distinguished regions in oblique stationary contact discontinuity (45�) (h: Continuity, : Linear discontinuity, j: Nonlinear discontinuity).
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ðq;U; pÞ ¼ ð3:8571;2:6294;10:333Þ where 0 6 x 6 1;
ðq;U; pÞ ¼ ð1þ 0:2 sinð5ðx� 5ÞÞ; 0;1Þ where 1 6 x 6 10: ð25Þ
Since the test case is one-dimensional problem, MLP limiter is the same as the TVD criterion, /(r) = max (0,min (2,2r)), i.e. aL

and aR values are always 2. Thus, the results of MLP5 always followed the typical features of TVD schemes. For comparing the
results between MLP5 and e-MLP5, we used 1000 grid points. The reference result was calculated by using 10000 grid points
with MLP5 and called as MLP5-dense. For flux evaluation and time integration, M-AUSMPW+ and the third order of Runge–
Kutta method were used, individually.

Through the distinguishing process of e-MLP, the most regions were recognized as continuous regions except some dis-
continuous regions as in Fig. 3. Detailed density contours of MLP5 and e-MLP5 at t = 1sec are shown in Fig. 4. The result of e-
MLP5 shows no clipping phenomenon at the extrema, different from that of MLP5. Moreover, the distribution of e-MLP5-
1000 is similar to that of MLP5-1600 (MLP5 with 1600 grid points). Because the region around the extrema was determined
as a continuous region in e-MLP, no limiting function was applied to the fifth order interpolated value, which could reduce
the calculation time as well as increase accuracy.
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6.2. Oblique stationary contact discontinuity

In order to examine the adequacy of e-MLP compared with MLP in a contact discontinuity problem, an oblique stationary
contact discontinuity was considered. The initial conditions are presented as Eq. (26).
ðqL;uL; vL;pLÞ ¼ 2:0; 0:1;0:1 tan h;
1
c

� �
and ðqL;uL;vL; pLÞ ¼ 1:0;0:1;0:1 tan h;

1
c

� �
: ð26Þ
The initial distribution inclined by h degrees was shown in Fig. 5. The grid system was 121 � 101 and e was 0.001 in this
problem. For boundary conditions, free stream values were specified along the left and the bottom boundary, and extrapo-
lations were used from the inside domain at the other boundaries. Furthermore, M-AUSMPW+ and the third order of the
Runge–Kutta method were used for flux evaluation and time integration respectively.

In this problem, most of the computational domain was continuous except the region near the contact discontinuity. As
was expected, e-MLP successfully divided the domain into continuous and linear discontinuous regions, as expressed in
Fig. 6. Figs. 7 and 8 illustrate the density and a distributions of MLP5 and e-MLP5 along line A–B at 30� and 45�, respectively.
These figures show that the density distributions of MLP5 are somewhat damped out compared to those of e-MLP5. It is
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because the a values changes across the numerical contact discontinuity and they are always smaller than 2, which indicates
that excessive damping occurs in the case of MLP5. However, in e-MLP5, the conventional TVD criterion is applied instead of
MLP limiter; i.e., a values are fixed as 2 across the discontinuity. Hence, the improved steepness was obtained and the con-
vergence rate was enhanced substantially in the case of e-MLP5, as shown in Fig. 9. Moreover, the computational time of
MLP5 and e-MLP5 was 582.97 s and 342.97 s respectively; i.e., e-MLP5 was nearly 1.7 times faster than MLP5. It is expected
that e-MLP enhances both accuracy and efficiency in a problem with a contact discontinuity.
6.3. Isentropic vortex flow

In order to assess the advantage of e-MLP in continuous problems of Euler equations, MLP5 and e-MLP5 were applied to
an isentropic vortex flow problem. A vortex flow is a pure multi-dimensional phenomenon that is characterized by the exis-
tence of a negative pressure gradient toward the core. The curved flow contours and computed results are very sensitive to
the choice of the interpolation and/or numerical fluxes. The vortex model is the isentropic vortex model defined as Eq. (27)
[16].
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Tangential velocity : uh ¼ Mvr exp
1� r2

2

� �
; ð27aÞ

Radial velocity : ur ¼ 0; ð27bÞ

Density velocity : qðrÞ ¼ 1� c� 1
2

M2
v exp½1� r2�

� �1=ðc�1Þ

; ð27cÞ

Pressure distribution : pðrÞ ¼ qc=c: ð27dÞ
Here, the computational domain ranged from (�5,�5) to (5,5) with equal grid spacing and the vortex core was located at
(0,0). The vortex Mach number, Mv was 1.0 and the number of grid points was 101 � 101. The CFL number was 0.5 and
the boundary was fixed with initial values. Moreover, M-AUSMPW+ and the third order of the Runge–Kutta time integration
were applied. The density distributions were plotted at a non-dimensional time of 80.
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Through the distinguishing process with e = 0.01, the whole computational domain was recognized as continuous regions,
as shown in Fig. 10. Because any limiting function was not applied in e-MLP5, the computation of e-MLP5 (501.6 s) became
faster than MLP5 (640.5 s); the overall computational time was reduced by 21.7%.

In Fig. 11, density distributions of MLP5 and e-MLP5 at y=0 are compared with the exact solution. Throughout the time
marching process from the same exact solution, it is seen that MLP5 cannot maintain the initial distribution of the isentropic
vortex flow and the density distribution does not seem to be symmetry because of the clipping phenomena at the vortex
core. On the other hand, e-MLP5 preserves the initial exact solution well since the whole computational domain is deter-
mined as a continuous region and any limiting function is not applied in e-MLP. Through this test, e-MLP shows a consid-
erable enhancement of accuracy in the continuous region including the local extrema comparing with MLP.
6.4. High speed flow in a blunt body

In a strong shock discontinuity, shock instability quite often occurs, which has a detrimental effect on the stability and
convergence of solutions. In order to resolve this problem, the entropy fixing method is generally used in Roe’s FDS, which
is correspondent to the addition of numerical dissipation to any problematic regions [17,18]. However, the addition of
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Fig. 16. Schematics of the problem definition of planar shock/density bubble interaction.

Fig. 17. Distinguished regions of planar shock/density bubble interaction (h: Continuity, : Linear discontinuity, j: Nonlinear discontinuity).
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dissipation over the entire computational domain can decrease the accuracy and convergence of the solution, especially in
the hypersonic boundary layer region. If Roe’s FDS is applied to a hypersonic blunt body problem, the large amount of en-
tropy fix may be necessary and has to be accurately applied only to a strong shock region. If it is applied in a boundary layer
region, it is much probable that the solution is contaminated. To avoid this, there are several variations of entropy fix for
Roe’s FDS such as Eq. (28). In light of this, e-MLP can provide a viable solution in such a case due to its capability to divide
the computational domain in a highly accurate manner.

To assess the e-MLP method in the event of a strong shock problem, it was applied to a high speed flow problem in a blunt
body. The number of grid points was 127 � 35 and the grid system was well aligned with the shock, as shown in Fig. 12. The
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Fig. 18. Comparison of density contours of planar shock/density bubble interaction.
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free stream Mach number was 2.94 and the CFL number was 0.2. The Harten–Yee Entropy fixing method was used for the
entropy fix, as expressed by Eq. (28) [18].
jkj ¼
jkj if jkjP d

ðk2 þ d2Þ=ð2dÞ; if jkj < d


; ð28aÞ

d ¼ d	 jWnj þ jWgj þ 0:5c r n
J

����
����þ rg

J

����
����

� �� �
; ð28bÞ
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where, Wn;Wg are the contravariant velocities in the n and g directions, individually. The range of d* is 0.05 6 d* 6 0.25; the
value of 0.05 was used in this calculation. For the wall boundary condition, an adiabatic wall condition was used. The tem-
perature of free stream was 273 K. Roe’s FDS and the third order of the Runge–Kutta methods are used for flux evaluation
and time integration, respectively.

Figs. 13 and 14 show a comparison of the convergence histories and pressure contours for No entropy fix + MLP5, Entropy
fix + MLP5 and Entropy fix + e-MLP5. In the case of No entropy fix + MLP5, numerical problems due to shock instability oc-
curred as shown in Fig. 14(a), even if it did not progress toward the typical carbuncle phenomenon. In case of Entropy
fix + MLP5, the additional numerical dissipation seemed to be sufficient for removal of the shock instability and the solution
was converged. However, the a values in MLP limiter varied throughout the whole domain, which relatively worsened the
convergence. In case of Entropy fix + e-MLP5, the strong shock discontinuous region was checked as a nonlinear discontin-
uous region and other regions were considered as a continuous region with e = 0.01, as shown in Fig. 15. The calculations of a
of MLP limiter and the entropy fix were therefore only imposed on the strong shock discontinuous region, which guaranteed
the stable shock capturing with the better convergence. Through the enhanced convergence and the lessened time for the
complicated computation of MLP limiter and the entropy fix method, the overall computational time was reduced from
661.91 s to 412.63 s, i.e., a reduction of 38% of the computational cost was gained through the use of e-MLP.
6.5. Planar shock/density bubble interaction

In order to show the accuracy enhancement of linear discontinuity in e-MLP, MLP and e-MLP were applied to the planar
shock/density bubble interaction problem [19]. The computational domain ranged from (0,0) to (23.5,4.45) with 1000 � 285
and 1500 � 429 grid systems. A cylindrical density bubble was located at (18.8,0) with the diameter of 5.1. A normal shock
with Mach number = 1.23 was moving from the right boundary to the left boundary and interacted with the bubble. For
boundary conditions, Euler wall boundary condition and the symmetry boundary condition were applied to the upper
and the lower boundaries, respectively. And outflow and inflow conditions were implemented to the left and the right
boundaries. Here, M-AUSMPW+ and the third order of Runge–Kutta method were used for the computations. The schematic
of problem definition is shown in Fig. 16.

At the non-dimensional time of 15 and 30 with e = 0.001, the distinguished regions are shown in Fig. 17. The shock region
and the boundaries of bubble were well divided as nonlinear and linear discontinuous regions, which verified that the dis-
tinguishing process in e-MLP worked successfully. Due to the distinguishing of computational domain, the computational
time decreased from 14400 s to 12100 s with the 1000 � 285 grid system. In case of the 1500 � 429 grid system, the time
was reduced from 42900 s to 36700 s, i.e., about 17% reduction of the overall computational time was obtained.

Fig. 18 shows the density contours of MLP5 and e-MLP5 at the non-dimensional time of 15 and 30. After interactions be-
tween a shock wave and a contact discontinuity, the complex evolution of vortex is frequently observed due to flow insta-
bility at a linear contact discontinuity. In computation, the vortices can be clearly represented as numerical dissipation
decreases. The bubble in the 1500 � 429 grid system shows flow instability more definitely than that in the 1000 � 285 grid
system. In the result of MLP5, relatively excessive numerical dissipation by MLP limiting function was introduced in linear
contact discontinuities and it quite damped out the physical flow instability. It is clearly seen in Fig. 18(a) and (c) that the
instability of MLP5 is delayed. Due to this delay, MLP5 generated the less developed vortex pattern than e-MLP5 at the time
Fig. 19. Distinguished regions in normal shock wave/vortex interaction flow (h: Continuity, : Linear discontinuity, j: Nonlinear discontinuity).
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of 30. Based on this test, it is confirmed again that the distinction of linear discontinuity from nonlinear discontinuity and the
proper selection of limiting function may lead to the enhancement in accuracy as well as in efficiency.

6.6. Normal shock wave/vortex flow interaction

In order to ascertain the advantages of the e-MLP method in a problem with complicated wave interactions, MLP5 and e-
MLP5 were applied to a normal shock wave/vortex flow interaction problem. The details of the shock wave with a single
vortex were as follows: a normal shock wave with a Mach number of 1.29 was propagating into a stationary vortex with
a vortex Mach number Mv = 0.39 and induced a complex shock/vortex interaction. The initial vortex flow distributions were
the same as the isentropic vortex [20,21].

The computational domain ranges were �20 6 x 6 5 and �20 6 y 6 10 with equal grid spacing. The vortex core was lo-
cated at (�5�5) and the normal shock wave moved toward the vortex from the boundary at x=10. And M-AUSMPW+ and the
third order of the Runge–Kutta time integration method were used. Here, the 801 � 801 grid was used as the baseline grid
and the 1601 � 1601 grid with MLP5 was utilized as the reference grid to show the accuracy of e-MLP5 as compared with
MLP5.

The regions classified by the distinguishing process of e-MLP5 with e = 0.001 are presented in Fig. 19. This figure shows
that the normal shock region is determined as a nonlinear discontinuous region, as expected. The majority of the
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Fig. 20. Density and pressure contours in normal shock wave/vortex interaction flow (801 � 801 grid).
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computational domain is determined as a continuous region; the percentages of the continuous, linear discontinuous and
nonlinear discontinuous regions are 98.45%, 0.31% and 1.24%, respectively. Near the core vortex region, several linear discon-
tinuous regions are observed. Those arise because the density distribution changes rapidly at the core region under the cur-
rent grid set. If the number of grid points is sufficient to represent the region smoothly, then the core region may be selected
as a continuous region. Through reduction of the application of TVD criterion and MLP limiter, the overall computational
time decreased from 6360 s to 5050 s; hence, the overall computational cost diminished by 21%.

Fig. 20 shows a comparison of density and pressure contours between MLP5 and e-MLP5 after a non-dimensional time of
18. Fig. 20(c) and (d) show that there is no oscillation behavior; e-MLP5 presents nearly the same level of shock stability
compared to MLP5. Fig. 21 shows density distributions of MLP5, e-MLP5 and the reference results along the line A-B for a
more precise comparison of the solutions. In this figure, e-MLP5 shows a substantial enhancement in the level accuracy com-
pared to MLP5. The results of e-MLP5 with the 801 � 801 grid are in good agreement with those of the 1601 � 1601 grid with
MLP5.
6.7. Magnetohydrodynamic cloud-shock interaction problem

Generally, MHD equations are associated with complex flow patterns due to the interactions between various MHD
waves, such as fast shock waves, slow shock waves, Alfven waves and entropy waves. For such cases, it has been reported
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that the second order TVD van Leer limiter or MC limiter failed to compute a feasible solution due to violent collisions be-
tween shocks and clouds [22]. Therefore, in order to assess the robustness of e-MLP, it was applied to a MHD cloud-shock
interaction problem that modeled the disruption of a high density cloud by a strong shock wave [22].

The computational domain was 0 6 x, y 6 1 with uniform 800 � 800 and 1600 � 1600grids. The initial condition con-
tained a discontinuity located at x = 0.6. The left and right states were expressed by Eq. (29).
Fig. 22.
discont
0 6 x 6 0:6 : ðq;u; v;w;p;Bx;By;BzÞ ¼ ð3:869; 0;0; 0;167:345;0;2:183;�2:183Þ;
0:6 6 x 6 1 : ðq;u;v ;w;p;Bx;By;BzÞ ¼ ð1;�11:254;0;0;1;0;0:564;0:564Þ

ð29Þ
with c = 5/3.
The discontinuity was a combination of a fast shock wave and a rotational discontinuity in Bz and the rotational discon-

tinuity did not affect the evolution of other flow variables. The circular cloud was located at x = 0.8, y = 0.5 with a radius 0.15,
q = 10 and p = 1. There was a fixed boundary condition at x=1 and other boundaries were zero-gradient boundary conditions
[22]. For numerical simulations, M-AUSMPW+ was used for flux evaluation and the third order of the Runge–Kutta method
was utilized for time integration with a non-dimensional time of 0.05.
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Density, pressure, Bz contours and the regions classified by e-MLP5 with e = 0.001 are presented in Fig. 22. Generally, the
MHD problem is much more complicated than the Euler problem due to the magnetic field. To sense the shock discontinuous
region from the entire domain, Eq. (10) was used in the distinguishing step. After this step, the domain showed a complex
mixture of continuous, linear discontinuous and nonlinear discontinuous regions as in Fig. 22(b). Due to the complicated
flow pattern of Bz, the discontinuous region was somewhat large. Fig. 22(c) shows the contour of Bz. Even though there is
no discontinuity in pressure, the magnetic force makes the complex pattern of nonlinear discontinuity at the wake region.
Our distinguishing process mainly followed the nonlinear features of Bz. Concerning efficiency, the majority of the compu-
tational domain remained a continuous region; the percentages for each region were 87.9%, 8.2% and 3.9%, respectively.
Therefore, the overall computational time decreased from 5970 s to 5050 s, which resulted in the better computational effi-
ciency compared to the result of MLP5. In total, 15% of the overall computational cost was reduced.

Fig. 23 shows a comparison of the density contours of MLP5 and e-MLP5 with the mesh size of 800 � 800 and
1600 � 1600. In results of MLP5, wiggles were observed in the enlarged regions of density contour, as shown in Fig. 23(a)
and (c), which deteriorated the accuracy of the solution. Most upwind flux schemes including Roe’s FDS and AUSM type
schemes have developed based on gas dynamics and they have shown good characteristics in calculation of shock discon-
tinuity of gas dynamic flow problems. However in MHD, because of the combination with a magnetic field, it is very hard
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to stably calculate a strong shock wave especially with high magnetic Reynolds number. There are no perfect upwind
schemes for MHD until now; Different from gas dynamics problems, Roe’s FDS and M-AUSMPW+ schemes do not show
so perfect features in MHD as in gas dynamics [22,23]. In light of this, to increase the ability of oscillation removal in
MHD, it seems to be necessary that additional numerical dissipation be imposed only on a MHD shock region.

The present approach, e-MLP, enhance the ability of oscillation removal in the following way. The crucial advantage of e-
MLP is that it can give multi-dimensional information on a shock location to a flux scheme while MLP5 cannot give any infor-
mation to it because general interpolation schemes including MLP5 are independent of a flux evaluation step. Let us assume
that grids are well aligned with a shock discontinuity as shown in Fig. 24 and M-AUSMPW+ is used for flux evaluation. The
flux of M-AUSMPW+ are briefly summarized as in Eqs. (30) when the function w is 0 or 1 [13].
when w = 0,
F1=2 ¼ Mþ
L þM�

R

� 	
c1=2UL or R þ PþL PL þ P�R PL

� 	
; ð30aÞ
when w = 1,
F1=2 ¼ Mþ
L c1=2UL þM�

R c1=2UR
� 	

þ PþL PL þ P�R PL
� 	

; ð30bÞ
where w ¼ 1�min pL
pR
; pr

pL

� �3
;U ¼ ðq;qu;qv ;qHÞT .
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M-AUSMPW+ is designed to control the advection property of the AUSM type schemes through the function w and to
increase robustness by adding numerical dissipation only to a shock region. If the magnitude of w is small as in Eq. (30a),
M-AUSMPW+ have the advection form and the low-dissipation properties like other AUSM type schemes. On the other hand,
if the w is nearly 1, it does not maintain the advection form and its form switches into Eq. (30b) that is similar to van Leer
scheme, which removes oscillatory behavior in a shock region.

Inside M-AUSMPW+, the existence of numerical shock wave can be recognized only when the normal flux to the shock
discontinuity is calculated (w = 1). In case of the tangential flux, M-AUSMPW+ cannot notice it and the function w has the
value of zero (see Fig. 24(a)). In other words, the combination of MLP5 and M-AUSMPW+ sense the shock location through
the one-dimensional searching by the function w of M-AUSMPW+. On the other hand, the present approach of e-MLP finds
the shock location independently of a flux evaluation step and then reports the information of shock location to a flux
scheme. Therefore, M-AUSMPW+ can notice the existence of shock wave even in the calculation of the tangential
flux (see Fig. 24(b)). In the present paper, by help of the multi-dimensional searching of e-MLP, even when the tangential
flux along the shock wave was calculated, the value of w was set one, i.e., the numerical dissipation was imposed addition-
ally, which made the calculation more stable.

7. Conclusions

The enhanced Multi-dimensional Limiting Process (e-MLP) is presented for multi-dimensional flows based on MLP. It has
a number of typical advantages. First, e-MLP enhances solution accuracy by resolving clipping phenomena at local extrema
and excessive damping in linear discontinuous regions; the results of the accuracy enhancement were demonstrated in test
cases involving one-dimensional shock/sine wave interaction problem, oblique stationary contact discontinuity, isentropic
vortex flow, planar shock/density bubble interaction, and normal shock wave/vortex interaction. Second, e-MLP is robust
for shock instability via the multi-dimensional searching of a discontinuity and simultaneous presenting of the information
regarding the discontinuity not only to a high order interpolation scheme but also to a flux scheme, which enables the effec-
tive addition of numerical dissipation to a nonlinear discontinuous region. Through a high speed flow in a blunt body and a
complex MHD cloud-shock interaction problem, e-MLP showed an equal or improved level of robustness compared with
MLP. Third, e-MLP improves computational efficiency. In steady state cases including an oblique stationary contact discon-
tinuity and a high speed flow in a blunt body, it generally reduced the overall computational time by nearly 40% compared to
MLP via the restricted application of limiting function and the enhancement of convergence. In unsteady cases involving
one-dimensional shock/sine wave interaction problem, isentropic vortex flow, planar shock/density bubble interaction, a
normal shock wave/vortex interaction and MHD cloud-shock interaction problem, it reduced the overall computational time
by approximately 20%. Therefore, in multi-dimensional flow situations with various types of discontinuities, e-MLP is a fea-
sible choice for an oscillation removal scheme due to its level of accuracy, robustness, and efficiency.
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